We study the behavior of the normalized Ricci flow of invariant Riemannian homogeneous metrics at infinity for generalized Wallach spaces, generalized flag manifolds with four isotropy summands and second Betti number equal to one, and the Stiefel manifolds V 2 R n and V 1+k 2 R n , with n = 1 + k 2 + k 3 . We use techniques from the theory of differential equations, in particular the Poincaré compactification. This method allows us to study global phase portraits for polynomial differential systems.
Introduction
The Ricci flow equation was introduced by Hamilton in 1982 ( [Ha] ), and is defined by
where g = g(t) is a curve on the space of Riemannian metrics M on a smooth manifold M n and Ric g is the Ricci tensor of the Riemannian metric g. The solution of this equation, the so called Ricci flow, is a 1-parameter family of metrics g(t) in M n . Intuitively, this is the heat equation for the metric g. The Ricci flow (1) in general does not preserve the volume. In the case of a compact manifold M n we consider the normalized Ricci flow ∂g ∂t = −2 Ric g + 2r n g,
where r = r(g(t)) = M S g du g / M du g , du g is the volume element of g, and S g denotes the scalar curvature function of g. Under this normalized flow, the volume of the solution metric is constant in time. Equations (1) and (2) can be shown to be equivalent by reparametrizing time t and by scaling the metric in space by a function of t. The Einstein metrics, that is the Riemannian metrics of constant Ricci curvature which satisfy Ric g = λg (from now on call it Einstein equation) for some constant λ ∈ R, are in this case the fixed points of the normalized Ricci flow (2). In general, the Einstein equation reduces to a second order PDE and general existence results are difficult to be obtained. Some methods are described in [Bö] , [BöWaZi] and [WaZi] . Besides the detailed exposition on Einstein manifolds in [Be] , we refer to [Wa1] , [Wa2] and [Arv3] for more recent results. For the case of homogeneous spaces G/H the problem of finding all invariant Einstein metrics becomes slightly more accesible, due to the possibility of making symmetry assumptions, but still it is not easy. A special class of homogeneous spaces for which Einstein metrics have been completely classified are the generalized flag manifolds G/K (of a compact simple Lie group G) with two ([ArCh1]) three ([Arv2] , [Ki] ) four and five isotropy summands ([ArCh2] , [ArChSa1] ). There is also some classification of Einstein metrics on flag manifolds with six isotropy summands (see in [Arv3] for more details). Also, the classification of invariant Einstein metrics for another class of homogeneous space, the generalized Wallach spaces, was only recently achieved ( [ChNi] ). The problem becomes more difficult in case where the isotropy representation χ : H → Aut(T o G/H), (o = eH) of a homogeneous space G/H contains equivalent summands. This happens for example for Stiefel manifolds V k F n , where F ∈ {R, C, H}. In the papers [ArSaSt1] , [ArSaSt2] and [ArSaSt3] , A. Arvanitoyergos, Y. Sakane and the author found (by using a technique which is described in detail in [St] ), Einstein metrics for several classes of Stiefel manifolds. An important property of the Ricci flow is that it preserves symmetries of the initial metric g. This is due to the fact that the Ricci tensor is invariant under diffeomorphisms of the manifold M . In general, the normalized Ricci flow (2) for an arbitrary manifold is a non-linear system of PDEs. When restricted to the set of invariant metrics, such system reduces to an non-linear system of ODEs. For this reason it is natural to study the Ricci flow on homogeneous spaces, that is a Riemmanian manifold (M, g) with a closed subgroup G of the isometries Iso(M, g), such that for any p and q in M , there exists a g ∈ G with g(p) = q. In this case M = G/H, where H = {g ∈ G : g · p = p} is the isotropy subgroup at the point p ∈ M . On such spaces we work with G-invariant metrics, i.e. metrics for which the map τ α : G/H → G/H, gH → αgH is an isometry. It is natural to proceed the study of the Ricci flow using tools from the theory of dynamical systems. As mentioned above, to show existence of Einstein metrics is a not an easy task. The use of the normalized Ricci flow on homogeneous spaces towards a qualitative study of homogeneous invariant Einstein metrics, has been used by various authors ( [BW] , [GlPa] , [AnCh] , [GrMa1] , [GrMa2] , [Bu] ) and combined works of N.A. Abiev, A. Arvanitoyeorgos, Yu Nikonorov, and P. Siasos [Ab] , [AANS] , [AbNi] .
In this paper we study the normalized Ricci flow of invariant metrics on certain homogeneous spaces with three and four isotropy summands, such as generalized Wallach spaces (that is a homogeneous space G/H for which the tangent space T o (G/H) ∼ = m written as direct sum of three summands m i , i = 1, 2, 3 with the property [m i , m i ] ⊂ h), the Stiefel manifolds V k R n (the set of all orthonormal k-frames on R n ) and generalized flag manifolds (this is a homogeneous space M = G/K where G is a compact semisimple Lie group and K is the cetralizer of a torus in G. Equivalently, it is diffeomorphic to the adjoint orbit Ad(G)w, for some w ∈ g, the Lie algebra of G). On such spaces the normalized Ricci flow (2) is equivalent to a homogeneous system of differential equations in R 3 and R 4 . So in order to study the behavior of such systems at infinity, we will use a method introduced by Poincaré, the so called Poincaré compactification. This method allows us to study global phase portraits for polynomial systems.
The main contribution of the present work is that by using the Poincaré compactification we not only confirm previously obtained Einstein metrics as fixed points of dynamical systems deduced from normalized Ricci flow, but also detect new homogeneous Einstein metrics on certain spaces. The main theorems are the following:
Theorem A. Let G/H be a generalized Wallach space. The normalized Ricci flow of the G-invariant Riemannian metrics on G/H has a finite number of singularities at infinity, which are all saddle points. These fixed points determine the invariant Einstein metrics of G/H.
Theorem B.
(1) Let V 2 R n = SO(n)/ SO(n − 2) be a Stiefel manifold. The normalized Ricci flow of the SO(n)-invariant Riemannian metrics on V 2 R n has exactly one singularity at infinity. This corresponds (up to scale) to the unique invariant Einstein metric.
(2) Let G/H the Stiefel manifold V 5 R 7 . The normalized Ricci flow on the space of invariant Riemannian metrics on G/H, possesses exactly four singularities at infinity. This fixed points corresponds (up to scale) to the G-invariant Einstein metric on G/H.
We are also motivated to state the following:
be a Stiefel manifold. The normalized Ricci flow, for certain values of k 2 and k 3 , of special SO(n)-invariant Riemannian metrics has exactly four and six singularities at infinity. These fixed points determine the four and six invariant Einstein metrics on V 1+k2 R n respectively.
Theorem C. Let G/K be a generalized flag manifold with four isotropy summands and b 2 (G/K) = 1. The normalized Ricci flow of G-invariant Riemannian metrics on G/K has, for the case of exceptional flag manifold F 4 , E 7 and E 8 (α 6 ), exactly three singularities at infinity. One of them is a repelling node and the other two are saddle pints. For the case of flag manifold corresponding to E 8 (α 3 ) it has exactly five singularities at infinity. One is a repelling node and the others are saddle points. These fixed points determine explicitly the three and five (up to scale) invariant Einstein metrics of G/K, respectively.
The normalized Ricci flow
2.1. Ricci tensor and scalar curvature. Let G be a compact semisimple Lie group, H a connected closed subgroup of G and let g and h be the corresponding Lie algebras. The Killing form B of g is negative definite, so we can define an Ad(G)-invariant inner product −B on g. Let g = h ⊕ m be a reductive decomposition of g with respect to −B so that [ h, m ] ⊂ m and m ∼ = T o (G/H) where o is the identity coset of G/H. Any G-invariant metric g on G/H corresponds to an Ad(H)-invariant inner product ·, · on m and vice versa. Let {X j } be a ·, · -orthonormal basis of m. The Ricci tensor Ric g of the metric g is given as follows ( [Be, p. 185] ):
The scalar curvature S g = tr Ric g of g is given by ([Be, p. 186] ):
If the isotropy representation of G/H is decomposed into a sum of mutually non equivalent irreducible summands, then we will also use the following alternative expression for the Ricci tensor. Let m = m 1 ⊕ · · · ⊕ m q be a decomposition into mutually non equivalent irreducible Ad(H)-modules. Then any G-invariant metric on G/H can be expressed as follows:
for positive real numbers (x 1 , . . . , x q ) ∈ R q + . Note that G-invariant symmetric covariant 2-tensors on G/H are of the same form as the Riemannian metrics (although they are not necessarilly positive definite). In particular, the Ricci tensor Ric g of a G-invariant Riemannian metric on G/H is of the same form as (5),
α , e (k) α ) = x k r k . Thus the Ricci tensor is written as Ric g = x 1 r 1 (−B)| m1 +x 2 r 2 (−B)| m2 + · · · + x q r q (−B)| mq , where the r i 's are the components of the Ricci tensor on each m i for i = 1, 2, . . . , k. Now [WaZi] ). Then the positive numbers A ijk are independent of the B-orthonormal bases chosen for m i , m j , m k , and A ijk = A jik = A kij . We have the following:
Lemma 2.1. ( [PaSa] ) Let G/H be a homogeneous space where G is compact and semisimple Lie group. Let g the G-nvariant metric on G/H given by the Ad(H)-invariant inner products (5). Then:
(1) The components r 1 , . . . , r s of the Ricci tensor Ric g are given by
where the sum is taken over i, j = 1, . . . , q.
(2) The scalar curvature S g = tr Ric g = s i=1 d i r i is given by
Remark 2.2. Since by assumption the tangent space m of G/H decomposes into Ad(H)-modules m i , m j which are mutually non equivalent for any i = j, it is Ric g (m i , m j ) = 0 whenever i = j. Thus, by Lemma 2.1 it follows that G-invariant Einstein metrics on G/H are exactly the positive real solutions g = (x 1 , . . . , x q ) ∈ R q + of the polynomial system {r 1 = λ, r 2 = λ, . . . , r q = λ}, where λ ∈ R + is the Einstein constant.
2.2. The normalized Ricci flow. Let (M = G/H, g) a Riemannian homogeneous space and let M G 1 be the set of G-invariant metrics with total volume 1, that is M dv g = 1. Then for every g in M G 1 its scalar curvature S g is a constant function on M . Therefore we have r = M S g dv g / M dv g = S g . Thus, for a G-invariant metric on G/H the normalized Ricci flow (2) is equivalent to
where n is the dimension of G/H. Actually for the G-invariant metric (5) the normalized Ricci flow reduces to the following system:
Generalized Wallach spaces
Let G/H be a reductive homogeneous space with G a compact and semisimple Lie group and H a compact subgroup of G. Let g = h ⊕ m the reductive decomposition of G/H, that is Ad(H)m ⊂ m, with m ∼ = T o (G/H). Then G/H is called a generalized Wallach space if the module m decomposes into a direct sum of three Ad(H)-invariant irreducible modules pairwise orthogonal with respect to −B (the Killing form of G), i.e. m = m 1 ⊕ m 2 ⊕ m 3 , such that [m i , m i ] ⊂ h, for i = 1, 2, 3. Every generalized Wallach space admits a three parameter family of G-invariant Riemannian metrics determined by Ad(H)-invariant inner products:
where x 1 , x 2 , x 3 are positive real numbers. We will denote such metrics with g = (x 1 , x 2 , x 3 ). The classification of generalized Wallach space G/H was obtained in [Ni1] and [ChKaLi] :
Theorem 3.1. Let G/H be a connected and simply connected compact homogeneous space. Then G/H is a generalized Wallach space if and only if it is one of the following types:
(1) G/H is a direct product of three irreducible symmetric spaces of compact type.
(2) The group G is simple and the pair (g, k) is one of the pairs in Table 1 .
(3) G = F × F × F × F and H = diag(F ) ⊂ G for some connected, compact, simple Lie group F , with the following description on the Lie algebra level: (g, h) = (f⊕f⊕f⊕f, diag(f) = {(X, X, X, X)|X ∈ f}), where f is the Lie algebra of F , and (up to permutation) m 1 = {(X, X, −X, −X)|X ∈ f}, m 2 = {(X, −X, X, −X)|X ∈ f}, m 3 = {(X, −X, −X, X)|X ∈ f}. 3.1. Ricci tensor for generalized Wallach spaces. Let d i = dim m i , i = 1, 2, 3. From the property of A ijk it is easy to see that for the generalized Wallach spaces, the A ijk = 0 if two of the indicies are equal. Therefore, we only need to compute the number A 123 . It is d i ≥ 2A 123 for any i = 1, 2, 3 (see [Ni2] ). Hence the constants a i = A 123 /d i , i ∈ {1, 2, 3} are such that (a 1 , a 2 , a 3 ) ∈ [0, 1/2] 3 . In Table 2 we give these numbers for the generalized Wallach spaces of Table 1 (these numbers were computed in [Ni1] and [ChKaLi] ) Table 2 . The numbers ai, i = 1, 2, 3 for the generalized Wallach spaces G/H with G simple From Lemma 2.1 the components of the Ricci tensor for the metric which corresponds to the Ad(H)invariant inner products (9), are given as follows
The scalar curvature is given by the following
Remark 3.2. The G-invariant metric on a generalized Wallach space G/H corresponding to the inner product (9) is Einstein if and only if r 1 = r 2 = r 3 . This is equivalent to the polynomial system
We take the G-invariant metric of the form g = (1, y 1 , y 2 ), where y i = x i /x 1 , i = 1, 2 on generalized Wallach spaces. Then from the [LoNiFi] and [ChKaLi] we have the following Einstein metrics for GWS corresponding to exceptional groups. 
(1, 1, 1) (1, 0.5, 0.5) (1, 2, 1) (1, 1, 2) 8
(1, 1.4618, 1.88845) (1, 0.8640, 0.4838) − − 9
(1, 1, 1) (1, 1.25, 1) (1, 0.8, 0.8) (1, 1, 1.25) 11
(1, 1, 1) (1, 1, 0.8) (1, 1.25, 1.25) (1, 0.8, 1) 12
(1, 1, 1.45608) (1, 1, 0.68677) − − 13
(1, 1, 1) (1, 1, 0.875) (1, 1.14285, 1.14285) (1, 0.875, 1) 14
(1, 0.4852, 0.8251) (1, 2.0606, 1.700349) − − 15
(1, 1, 1) (1, 3.5, 1) (1, 1, 3.5) (1, 0.28571, 0.28571)
Note that the spaces GWS.2 and GWS.5 are also generalized flag manifolds with three isotropy summands (this is also true for spaces GWS.7 and GWS.10). The classification of Einstein metrics on such flag manifolds was given in [Ki] and [Arv2] . For the Einstein metrics we have the following theorem (which agrees with the results of Arvanitoyeorgos and Kimura) Theorem 3.3. ( [LoNiFi] ) If a generalized Wallach space G/H with pairwise non-isomorphic modules m i satisfy the equality a 1 + a 2 + a 3 = 1/2, then G/H admits four families of proportional invariant Einstein metrics. These metrics have the form
where q ∈ R.
Finally, for the generalized Wallach spaces GWS.1, GWS.3 and GWS.4, the Einstein metrics are given as solutions of equation (9) in the paper [LoNiFi, p. 51 ]. Next, we will give some examples of Einstein metrics on these spaces (up to scale): (7) we have the following metrics g i = (1, x 1 , x 2 ), i = 1, 2, 3, 4
(1, 0.55351, 0.60545), (1, 1.84323, 1.20925), (1, 1.11957, 1.30861), (1, 1.10730, 1.62678).
GWS.3a
For Sp(6)/ Sp(1) × Sp(2) × Sp (3) we have the following metrics g i = (1, x 1 , x 2 ), i = 1, 2, 3, 4 (1, 0.38050, 0.46780), (1, 1.23251, 1.39606), (1, 3.26361, 1.60389), (1, 1.30670, 3.18223).
GWS.3b
For Sp(14)/ Sp(2) × Sp(5) × Sp (7) we have the following metrics g i = (1, x 1 , x 2 ), i = 1, 2, 3, 4 (1, 0.40168, 0.52944), (1, 1.24716, 1.53155), (1, 2.94748, 1.67504), (1, 1.27217, 2.71689).
GWS.4a
For SU(4)/ U(2) we have g 1 = (1, 0.79241, 0.542181), g 2 = (1, 3.33739, 3.4189).
GWS.4b
For SU(6)/ U(3) we have g 1 = (1, 0.8, 0.6), g 2 = (1, 2.28418, 2.37279).
GWS.4c
For SU(8)/ U(4) we have g 1 = (1, 1.92054, 2.00752), g 2 = (1, 0.80856, 0.63827).
The Stiefel manifolds
We embed the group SO(n − k) in SO(n) as
Then with respect to −B the subspace m = so(n − k) ⊥ in so(n), may be identified with the set of matrices of the form
Let E ab denote the n×n matrix with 1 at the (ab)-entry and 0 elsewhere. Then the set
Note that e ba = −e ab , thus we have: Next, we study the isotropy representation of V k R n = G/H = SO(n)/ SO(n − k). Let λ n denote the standard representation of SO(n) (given by the natural action of SO(n) on R n ). If ∧ 2 λ n denotes the second exterior power of λ n , then Ad SO(n) = ∧ 2 λ n . The isotropy representation χ : SO(n) → Aut(m)
where k denotes the trivial k-dimensional representation. Therefore, the isotropy representation is given by χ = 1 ⊕ · · · ⊕ 1 ⊕ λ n−k ⊕ · · · ⊕ λ n−k . This decomposition induces an Ad(H)-invariant decomposition of m given by m = m 1 ⊕ · · · ⊕ m s , where the first k 2 Ad(H)-modules are 1-dimensional and the rest k are (n − k)-dimensional. It is clear that the isotropy representation of V k R n contains equivalent summands, so a complete description of all G-invariant metrics is rather hard. In [ADN1] the authors introduced a method for proving existence of homogeneous Einstein metrics by assuming additional symmetries. In [St] is presented a systematic and organized description of such metrics. 4.1. The Stiefel manifold V 2 R n ∼ = SO(n)/ SO(n − 2). The isotropy representation of V 2 R n , is expressed as a direct sum χ = 1 ⊕ χ 1 ⊕ χ 2 , where χ 1 ≈ χ 2 = λ n−2 is the standard representation of SO(n − 2). This decomposition induces an Ad(SO(n − 2))-invariant decomposition of m given by m = m 0 ⊕ m 1 ⊕ m 2 . Even though an SO(n)-invariant metric on V 2 R n depends on four parameters, it can be shown (cf. [Ke] ) that it can be descrided by an Ad(SO(n − 2))-invariant inner product of m of the form:
Therefore, for the Ricci tensor of metrics corresponding to inner products (13) we can use the Lemma 2.1. By using Lemma 4.1 the only non-zero number is A 012 and equals to 1/2. Hence we have,
(1) The components of the Ricci tensor for the metric (13) are given as follows
(2) The scalar curvature S g is given by
, [Ke] ) The Stiefel manifold V 2 R n = SO(n)/ SO(n − 2) admits (up to scale) exactly one SO(n)-invariant Einstein metric which is given explicitly as (1, (n − 1)/2(n − 2), (n − 1)/2(n − 2))
The isotropy representation on this case according to (12) contains equivalent summands. Next, we will describe a special class of invariant metrics on this space (for more details see for example [St] , [ArSaSt1] and [ArSaSt2] ). The basic approach is to use an appropriate subgroup K of G, such that the special class of Ad(K)-invariant inner products, which are a subset of Ad(H)-invariant inner products, are diagonal. In order to have this, it is sufficient for the subgroup K to satisfy the condition H ⊂ K ⊂ N G (H) ⊂ G. We take the subgroup K = SO(k 2 ) × SO(k 3 ) of SO(n). Then, for the tangent space m ∼ = T o (G/H), we consider the irreducible, Ad(K)-invariant and non-equivalent decomposition: m = so(k 2 ) ⊕ m 12 ⊕ m 13 ⊕ m 23 1 . Then the G-invariant metrics on G/H determined by the Ad(SO(k 2 ) × SO(k 3 ))-invariant scalar products on m are given by
Then by using Lemma 4.1 it follows that the only non zero triplets (up to permutation of indices) are A 222 , A 2(12)(12) , A 2(23)(23) , A (13)(12)(23) , where A iii is non zero only for k 2 ≥ 3. 
Lemma 4.5.
(1) The components of the Ricci tensor Ric for the invariant metric ·, · on G/H defined by (16), are given as follows:
where n = 1 + k 2 + k 3 .
where d 2 = dim m 2 and d ij = dim m ij , i = j = 1, 2, 3.
We normalize the metric g = (x 2 , x 12 , x 13 , x 23 ) by setting x 23 = 1, then by solving the system {r 2 − r 12 = 0, r 12 − r 23 = 0, r 13 − r 23 = 0} for k 2 = 4 and k 3 = 2, we take the following:
Theorem 4.6. ([ArSaSt1]) The Stiefel manifold V 5 R 7 = SO(7)/ SO(2) admits at least four invariant Einstein metrics, which are determined by the Ad(SO(4) × SO(2))-invariant inner products of the form (16) given as: g 1 = (1.27429, 1.27429, 1, 1), g 2 = (0.392375, 0.392375, 1, 1), g 3 = (0.245146, 1.01652, 0.253386, 1), and g 4 = (0.291175, 0.669071, 1.16137, 1).
Generalized flag manifolds
5.1. Description of flag manifolds in terms of painted Dynkin diagrams. Let g and k be the Lie algebras of G and K respectively and g C , k C be their complexifications. We choose a maximal torus T in G and let h be the Lie algebra of T . Then the complexification h C is a Cartan subalgebra of g C . Let R ⊂ (h C ) * be the root system of g C relative to the Cartan subalgebra h C and consider the root space decomposition g C = h C ⊕ α∈R g C α , where g C α = {X ∈ g C : ad(H)X = α(H)X, for all H ∈ h C } denotes the root space associated to a root α. Assume that g C is semisimple, so the Killing form B of g C is non degenerate, and we establish a natural isomorphism between h C and the dual space (h C ) * as follows: for every α ∈ (h C ) * we define H α ∈ h C by the equation B(H, H α ) = α(H), for all H ∈ h C . Choose a basis Π = {α 1 , . . . , α ℓ } (dim h C = ℓ) of simple roots for R, and let R + be a choise of positive roots.
Since
In particular, we can always find a subset Π K ⊂ Π such that
where Π K is the space of roots generated by Π K with integer coefficients. The complex Lie algebra k C is a maximal reductive subalgebra of g C and thus it admits the decomposition k
ss . In fact, R K is the root system of the semisimple part k C ss and Π K is a corresponding basis. Thus we easily conclude that dim C h ′ = card Π K , where card Π K denotes the cardinality of the set Π K . Let K be the connected Lie subgroup of G generated by k = k C ∩ g. Then the homogeneous manifold M = G/K is a flag manifold, and any flag manifold is defined in this way, i.e. by the choise of a triple (g, Π, Π K ).
Set Π M = Π\Π K , and R M = R\R K , such that Π = Π K ∪ Π M , and R = R K ∪ R M , respectively. Roots in R M are called complementary roots, and they play an important role in the geometry of M = G/K. For example, let m the orthogonal complement of k in g with respect to B. Then we have
We conclude that all information contained in Π = Π K ∪ Π M can be presented graphically by the painted Dynkin diagram of M = G/K.
Definition 5.1. Let Γ = Γ(Π) be the Dynkin diagram of the fundamental system Π. By painting in black the nodes of Γ corresponding to Π M , we obtain the painted Dynkin diagram of the flag manifold G/K. In this diagram the subsystem Π K is determined as the subdiagram of white roots.
Conversely, given a painted Dynkin diagram, in order to obtain the corresponding flag manifold M = G/K we are working as follows: We define G as the unique simply connected Lie group corresponding to the underlying Dynkin diagram Γ = Γ(Π). The connected Lie subgroup K ⊂ G is defined by using the additional information Π = Π K ∪ Π M encoded into the painted Dynkin diagram. The semisimple part of K is obtained from the (not necessarily connected) subdiagram of white roots, and each black root, i.e. each root in Π M , gives rise to one U (1)-summand. Thus the painted Dynkin diagram determines the isotropy subgroup K and the space M = G/K completely. By using certain rules to determine whether different painted Dynkin diagrams define isomorphic flag manifolds (see [AlAr] ), one can obtain all flag manifolds G/K of a compact simple Lie group G.
t-roots and isotropy summands.
We study the isotropy representation of a generalized flag manifold M = G/K of a compact simple Lie group G in terms of t-roots. In order to realise the decomposition of m into irreducible Ad(K)-modules we use the center t of the real Lie algebra k. For simplicity, we fix a system of simple roots Π = {α 1 , . . . , α r , φ 1 , . . . , φ k } of R, such that r + k = ℓ = rk g C and we assume that Π K = {φ 1 , . . . , φ k } is a basis of the root system R K of K so Π M = Π\Π K = {α 1 , . . . , α r }. Let Λ 1 , . . . , Λ r be the fundamental weights corresponding to the simple roots of Π M , i.e. the linear forms defined by 2(Λi,αj ) (αj ,αj ) = δ ij , (Λ j , φ i ) = 0, where (α, β) denotes the inner product on (h C ) * given by (α, β) = (H α , H β ), for all α, β ∈ (h C ) * . Then the {Λ i : 1 ≤ i ≤ r} is a basis of the dual space t * of t, t * = r i=1 RΛ i and dim t * = dim t = r.
Consider now the linear restriction map κ : h * → t * defined by κ(α) = α| t , and set R t = κ(R) = κ(R M ).
Definition 5.2. The elements of R t are called t-roots.
As we saw the flag manifolds G/K are determined by pairs (g, Π, Π K ). The number of ad(k)-submodules of m ∼ = T o (G/K) correspond to the Dynkin mark of the simple root we paint black on the Dynkin diagram. We recall the following definition Definition 5.3. The Dynkin mark of a simple root α i ∈ Π (i = 1, . . . , ℓ), is the positive integer m i in the expression of the highest root α = ℓ k=1 m k α k in terms of simple roots. We will denote by Mrk the function
A fundamental result about t-root is the following:
Proposition 5.4. ( [AlPe] ) There exists a one-to-one correspondence between t-roots ξ and irreducible ad(k C )submodules m ξ 2 of the isotropy representation of m C , which is given by
Thus m C = ξ∈Rt m ξ . Moreover, these submodules are non equivalent as ad(k C )-modules.
5.3.
Flag manifolds with four isotropy summands. The generalized flag manifolds with four isotropy summands can be separated into two types I and II. Type I is defined by the set: Π\Π K = {α i : Mrk(α i ) = 4} (that is b 2 (G/K) = 1) and Type II is given by Π\Π K = {α i , α j : Mrk(α i ) = 1, Mrk(α i ) = 2} (however this set may be define flag manifolds with four or five isotropy summands). The classification of those spaces was given by A. Arvanitoyeorgos and I. Chrysikos in [ArCh2] . Below we will give the flag manifolds together with the Dynkin diagram of Type I. 
where x i ∈ R + , i = 1, 2, 3, 4. Very often we will denote such metrics with g = (x 1 , x 2 , x 3 , x 4 ). The Ricci tensor for the above metric has (as symmetric, covariant 2-tensor) the same expression that is:
where r i , i = 1, 2, 3, 4 are the components of the Ricci tensor and are given as follows:
Proposition 5.5. ([ArCh2]) (1) The components of the Ricci tensor Ric for the invariant metric ·, · on G/K defined by (19), are given as follows:
(2) The scalar curvature is given by
where d i = dim m i , i = 1, 2, 3, 4.
In [ArCh2] the authors compute the numbers A ijk using the twistor fibration which admits any flag manifold M = G/K of a compact (semi)-simple Lie group G, over an irreducible symmetric space G/L of compact type. In particular we have the following table for A ijk and the dimensions d i . After normalizing the metric g = (x 1 , x 2 , x 3 , x 4 ) by setting x 1 = 1. Then g is Einstein if and only the system: {r 1 − r 2 = 0, r 2 − r 3 = 0, r 3 − r 4 = 0} has positive solution. After solving the previous system for each flag manifold separately we obtain the following theorem Theorem 5.6. ([ArCh2]) (1) The generalized flag manifolds G/K associated to the exceptional Lie groups F 4 , E 7 and E 8 (α 3 ) admits (up to scale) three G-invariant Einstein metrics. One is Kähler given by g = (1, 2, 3, 4) and other two are non-Kähler given approximatelly as follows: (1, 1.2761, 1.9578, 2.3178) , g 2 = (1, 0.9704, 0.2291, 1.0097) E 7 : g 1 = (1, 0.8233, 1.2942, 1.3449) , g 2 = (1, 0.9912, 0.5783, 1.1312) E 8 (α 3 ) : g 1 = (1, 0.9133, 1.4136, 1.5196), g 2 = (1, 0.9663, 0.4898, 1.0809)
(2) If G/K = E 8 (α 6 )/ SO(10) × SU(3) × U(1) then G/K admits (up to scale) five E 8 -invariant Einstein metrics. One is Kähler given by g = (1, 2, 3, 4) and other four are non-Kähler given approximatelly as follows: g 1 = (1, 0.6496, 1.1094, 1.0610), g 2 = (1, 1.1560, 1.0178, 0.2146), g 3 = (1, 1.0970, 0.7703, 1.2969), g 4 = (1, 0.7633, 1.0090, 0.1910).
Poincaré compactification
The method of Poincaré compactification dates back to 1881. The main idea is to pass the study of a vector field on a non compact manifold, to its study on the sphere (compact manifold). This allows us to better understand its behavior at infinity. Poincaré was studying the behavior of polynomial planar vector fields at infinity by means of the central projection. For more details of the description of this method for n-dimensional case can be found in [Ve] . Next, we will describe the method in three dimensions.
Let (x 1 , x 2 , x 3 ) be the coordinates of R 3 and X = P 1 (
be a polynomial vector field of degree d = max{deg(P 1 ), deg(P 2 ), deg(P 3 )}. We consider the sphere S 3 = {(y 1 , y 2 , y 3 , y 4 ) ∈ R 4 : y 2 1 + y 2 2 + y 2 3 + y 2 4 = 1}, which we shall call the Poincaré sphere with north hemishpere S 3 + = {y ∈ S 3 : y 4 > 0}, south hemishpere S 3 − = {y ∈ S 3 : y 4 < 0} and equator S 2 = {y ∈ S 3 : y 4 = 0}. The central projection from R 3 to the Poincaré sphere is defined as follows:
where ∆(x) = x 2 1 + x 2 2 + x 2 3 + 1. The maps f + and f − define the following two vectors fields on each hemisphere
However, these two vector fields can not be extended to the equator S 2 . Indeed, in the case where y ∈ U 1 = {y ∈ S 3 : y 1 > 0} where U 1 is the local chart with corresponding map:
we shall denote by z = (z 1 , z 2 , z 3 ) the value of ϕ 1 (y), so that z represent different things according to the case under consideration.
Remark 6.1. There are eight of these charts: U i = {y ∈ S 3 : y i > 0} and V i = {y ∈ S 3 : y i < 0} with i = 1, 2, 3, 4 and the local maps for the corresponding charts are given by ϕ i :
for n < m < k and n, m, k = i.
By using (22) and (23) we have
The differential of f + in the case where y is in the upper hemisphere, is given by the following matrix
We can write the above expression in terms of the corresponding point on the sphere and we get for (24) 
It is clear that if we multiply the above vector field by the factor y d−1
4
(it depends only on the degree d of the polynomial vector field X) then the vector field (26) extends into S 2 . We will take the same expression for the induced vector field as (26) in case where we work on lower hemisphere. Actually, if we denote bȳ X(y) the vector field on S 3 \ S 2 = S 3 + ∪ S 3 − then to extendX(y) to the Poincaré sphere S 3 , we define the Poincaré compactification of X = (P 1 , P 2 , P 3 ) denoted by p(X) and is given as p(X)(y) = y d−1 4X (y).
Theorem 6.2. ( [Ve] ) The vector field p(X) extendsX(y) analytically to the whole sphere S 3 , in such a way that the equator S 2 is invariant.
The important point here is the fact that if we know the behavior of p(X) around the equator, then we know the behavior of X in the neighborhood of infinity. Now we will give explicitly the expressions of p(X) in the local charts. It is convenient to express these fields in terms of the variable z = (z 1 , z 2 , z 3 ) of R 3 . In the chart (U 1 , ϕ 1 ) we have from (24) that y 1 /y 4 = 1/z 3 , y 3 /y 4 = z 2 /z 3 , y 2 /y 4 = z 1 /z 3 and also y 2 4 = z 2 3 /∆(z) 2 where ∆(z) = z 2 1 + z 2 2 + z 2 3 + 1. From (24) and because y 1 > 0 the y 4 has the same sign as z 3 . Thus y 4 = z 3 /∆(z). Then after some substitutions it turns out that p(X) can be expressed as
The expression in the chart (U 2 , ϕ 2 ) is
For the chart (U 3 , ϕ 3 ) we have
Finally for the chart (U 4 , ϕ 4 ) we have {P 1 (z 1 , z 2 , z 3 ), P 2 (z 1 , z 2 , z 3 ), P 3 (z 1 , z 2 , z 3 )} We can avoid the use of the factor 1/∆(z) d−1 in the expression of p(X). Also, note that for the singularities at infinity have z 3 = 0. For the charts (V 1 , ψ 1 ), (V 2 , ψ 2 ) and (V 3 , ψ 3 ) the expression of p(X) is the same as (27), (28) and (29) multiplied by the factor (−1) d−1 .
By the same method we can describe the necessary formulas for the compactified vector field in case of four-dimensional. We use (z 1 , z 2 , z 3 , z 4 ) as coordinates. If the original polynomial vector field is X = 4 i=1 P i (x 1 , x 2 , x 3 , x 4 ) ∂ ∂xi , with d = max{deg(P 1 ), . . . , deg(P 4 )} the degree of X then the equations of the compactified field p(X) are given as follows:
On the chart (U 1 , ϕ 1 ) it is
7. The behavior of the normalized Ricci flow
We analyse the Ricci flow of invariant metrics on the generalized Wallach space, the Stiefel manifolds V 2 R n , V 1+k2 R 1+k2+k3 and the generalized flag manifolds G/K with four isotropy summands and b 2 (G/K) = 1. 7.1. Ricci flow for the generalized Wallach spaces. By using the Ricci components and scalar curvature of subsection 3.1 it is easy to see that system (8) reduces tȯ
The above system is not polynomial, hence in order to apply the Poincaré compactification, we multiply it by the factor (d 1 + d 2 + d 3 )x 1 x 2 x 3 . Then we obtain the following system:
If we denote by P i (x 1 , x 2 , x 3 ) theẋ i , for i = 1, 2, 3 respectively, then the degree of the vector field X = 3 i=1 P i (x 1 , x 2 , x 3 ) ∂ ∂xi is 3. Now we study the system (34) at infinity. We apply the Poincaré compoctification to the above system written in the chart (U 1 , ϕ 1 ) as follows:
In order to find the singularities at infinity of the above system we set z 3 = 0. We will substitute into (35), the values of the dimensions d 1 , d 2 , d 3 and a 1 , a 2 , a 3 from Tables 1 and 2 respectively. Then we have the following: For the generalized Wallach space GWS.1 SO(k + l + m)/ SO(k) × SO(l) × SO(m) the system (35) comes:
It is easy to see that for some values of k, l and m the above system has two or four solutions. For example, 
It is easy to see that for some values of k, l and m the above system has four solutions. For example,
(1) For (k, l, m) = (1, 2, 3) the solutions are: (3.26361, 1.60389), (1.30670, 3.18223), (1.23251, 1.39606) and (0.38050, 0.46780).
(2) For (k, l, m) = (2, 5, 7) the solutions are: (2.94748, 1.67504), (1.27217, 2.71689), (1.24716, 1.53155) and (0.40168, 0.52944).
GWS.4 SU(2l)/ U(l)ż
It is easy to see that for l ≥ 2 we take two fixed points for the above system. For example we have:
(1) For l = 2 the solutions are: (3.33739, 3.41890) and (0.79241, 0.54218) (2) For l = 3 we have (2.284185, 2.37279) and (0.8, 0.6) (3) For l = 4 we have (1.92054, 2.00752) and (0.80856, 0.6382707). (13) it is easy to see that, for the Stiefel manifold V 2 R n system (8) reduces tȯ
We observe that the above system is not a polynomial system, therefore we cannot apply the Poincaré compactification directly. We multiply it by the factor 2(n − 2)(2n − 3)x 0 x 1 x 2 , with this multiplication will only change the time of parametrization of the orbits and not the structure of the phase portrait. After that we take the following system:
If we denote by P i (x 0 , x 1 , x 2 ) theẋ i , for i = 0, 1, 2 respectively, then the degree of the vector field X = 2 i=0 P i (x 0 , x 1 , x 2 ) ∂ ∂xi is 3. From the above system it is easy to see the following lemma:
Lemma 7.2. The coordinate planes along with the straight line γ(t) = ((2(n − 2)/(n − 1))t, t, t), remain invariant under the flow defined by the system of (36).
To study the singularities at infinity of (36), we should write this system in the local charts of the Poincaré compactification. Because we are interesting for positive values of x 0 , x 1 and x 2 we study the behavior of the previous system only on the chart (U 1 , ϕ 1 ). Therefore from (27) we have:
In order to find the singularities at the infinity of the above system we set z 3 = 0. Then it is easy to see that the system {ż 1 = 0,ż 2 = 0} has only one solution namely (z 1 , z 2 ) = ((n − 1)/2(n − 2), (n − 1)/2(n − 2)).
Since we work on the chart (U 1 , ϕ 1 ) that corresponds to the plane y 1 = 1, we consider metrics whose are the form (1, α, β), where α, β are the solution of the system (37) for z 3 = 0. These metrics are invariant Einstein metrics on M . We have thus proved the following. 7.3. Ricci flow on the Stiefel manifold V 1+k2 R n . We study the behavior of the normalized Ricci flow for the Stiefel manifold V 1+k2 R n . For this case we take the Ricci components (17) and scalar curvature (18) behavior of the previous system only in to the chart (U 1 , ϕ 1 ). Therefore from (30) we have: z 1 = (−k 2 − 1)z 1 (k 2 − 2n + 2)(z 3 (z 2 2 (k 2 (z 1 2 + 1) − 2z 1 (n + z 1 − 2)) + z 1 2 (−k 2 + n − 1)) +z 1 z 2 z 3 2 (−k 2 + n − 1) + z 1 z 2 (k 2 − n + 1)(z 1 − z 2 )(z 1 + z 2 ))
In order to find the singularities at infinity of the above system we set z 4 = 0. Next, we compute the fixed points of the systemż 1 = 0,ż 2 = 0,ż 3 = 0 for specific values of k 2 and k 3 > 1. We have:
• We can also pose the following:
Conjecture 7.5. Let G/H be the Stiefel manifold V 1+k2 R n , with n = 1 + k 2 + k 3 . Then, for k 2 ≥ 4 and k 3 > 1 G/H has four singularities at infinity, and for k 2 ≥ 6 and k 3 = 2 has six singularities at infinity. These fixed points correspond to the G-invariant Einstein metrics on G/H. 7.4. Ricci flow for the generalized flag manifolds. We study the behavior of the normalized Ricci flow for the generalized flag manifold G/K with four isotropy summands and b 2 (G/K) = 1. For this case we take the Ricci components (20) and scalar curvature (21) of the metric (19). Then, system (8) reduces tȯ
x 2 x 4 (x 3 (A 112 x 2 2 (3d 1 + 2(d 2 + d 3 + d 4 )) + 2d 1 x 1 2 (A 112 − d 2 ) −2d 1 x 1 x 2 (2d 1 + d 2 + d 3 + d 4 )) + 2A 123 x 1 (2d 1 (x 2 2 + x 3 2 ) + (−d 2 − d 3 − d 4 )(x 1 2 − x 2 2 − x 3 2 )) −2d 1 d 3 x 1 2 x 2 ) + 2x 1 x 2 2 (A 134 x 3 2 (2d 1 + d 2 + d 3 + d 4 ) − A 134 x1 2 (d 2 + d 3 + d 4 )
+d 1 x 1 x 3 (A 224 − d 4 )) + x 1 x 4 2 (2A 134 x 2 2 (2d 1 + d 2 + d 3 + d 4 ) + A 224 d 1 x 1 x 3 ) ẋ 2 = 1 2d 2 x 1 2 x 2 x 3 x 4 N x 2 x 4 (x 3 (−2x 1 2 (A 112 − d 2 )(d 1 + 2d 2 + d 3 + d 4 ) + A 112 x 2 2 (d 1 + d 3 + d 4 ) +2d 1 d 2 x 1 x 2 ) + 2x 1 (−A 123 x 1 2 (d 1 + 2d 2 + d 3 + d 4 ) + A 123 x 2 2 (d 1 + d 3 + d 4 ) + d 2 d 3 x 1 x 2 ) −2A 123 x 1 x 3 2 (d 1 + 2d 2 + d 3 + d 4 )) − 2A 134 d 2 x 1 x 2 2 (x 1 2 + x 3 2 + x 4 2 ) −A 224 x 1 2 x 3 x 4 2 (2d 1 + 3d 2 + 2(d 3 + d 4 )) + 2d 2 x 1 2 x 2 2 x 3 (d 4 − A 224 ) ẋ 3 = − 1 2d 3 x 1 2 x 2 2 x 4 N x 2 x 4 (d 3 x 3 (A 112 (2x 1 2 + x 2 2 ) − 2x 1 (d 1 x 2 + d 2 x 1 )) + 2x 1 (A 123 (x 1 2 + x 2 2 )
Lemma 7.6. The coordinate planes along with the straight line γ(t) = (t, 2t, 3t, 4t), remain invariant under the normalized Ricci flow defined by the system (40) .
In order to study the singularities at infinity of (40), we should write this system in the local charts of the Poincaré compactification. Since we are interested for positive values of x 1 , x 2 , x 3 and x 4 , we study the behavior of the previous system only in to the chart (U 1 , ϕ 1 ). Therefore from (30) we have:
We work on the chart (U 1 , ϕ 1 ) that corresponds to the plane y 1 = 1, so we consider metrics whose are the form (1, α, β), where α, β are the solution of the system (41) for z 4 = 0. These metrics are invariant Einstein metrics, and the one with coefficients (1, 2, 3) is the unique Kähler-Einstein that admits M . We have thus proved the following.
Theorem 7.7. Let M = G/K be a genaralized flag manifold with four isotropy summands and b 2 (M ) = 1. The normalized Ricci flow, on the space of invariant Riemannian metrics on M , possesses exactly three singularities at infinity in case of F 4 , E 7 , E 8 (α 6 ) and exactly five in case of E 8 (α 3 ). The point (1, 2, 3) is a repelling node, while the other are saddle points. These fixed points correspond to the G-invariant Einstein metrics on M .
